Quantum criticality is a fundamental organizing principle for studying strongly correlated systems. Nevertheless, understanding quantum critical dynamics at nonzero temperatures is a major challenge of condensed matter physics due to the intricate interplay between quantum and thermal fluctuations. The recent experiments in the quantum spin dimer material TlCuCl3 provide an unprecedented opportunity to test the theories of quantum criticality. We investigate the nonzero temperature quantum critical spin dynamics by employing an effective O(N ) field theory. The onshell mass and the damping rate of quantum critical spin excitations as functions of temperature are calculated based on the renormalized coupling strength, which are in excellent agreements with experiment observations. Their T ln T dependence is predicted to be dominant at very low temperatures, which is to be tested in future experiments. Our work provides confidence that quantum criticality as a theoretical framework, being considered in so many different contexts of condensed matter physics and beyond, is indeed grounded in materials and experiments accurately. It is also expected to motivate further experimental investigations on the applicability of the field theory to related quantum critical systems. Introduction.-Quantum and thermal fluctuations combine to determine the overall nonzero-temperature quantum dynamics as well as thermodyanmics of strongly correlated many-body systems. A quantum critical point occurs at zero temperature when matter goes from one quantum ground state to another upon tuning a nonthermal parameter [1, 2] . An illustration of a generic phase diagram of quantum phase transition is presented in Fig. S1 in Supplemental Material (SM) Sec. I. Physical properties around quantum critical points are of extensive current interest. For instance, quantum criticality gives rise to unusual spin dynamics in heavy fermion metals [3] [4] [5] and one-dimensional quantum magnets [6, 7] , as well as the non-Fermi liquid behavior and unconventional superconductivity in a variety of strongly correlated electron systems [1, [8] [9] [10] . The corresponding real-frequency dynamics is in general difficult to calculate, especially at nonzero temperatures (T > 0). Indeed, even for quantum systems in one spatial dimension, analytical understandings of such dynamical properties are still limited [7, [11] [12] [13] [14] .
Introduction.-Quantum and thermal fluctuations combine to determine the overall nonzero-temperature quantum dynamics as well as thermodyanmics of strongly correlated many-body systems. A quantum critical point occurs at zero temperature when matter goes from one quantum ground state to another upon tuning a nonthermal parameter [1, 2] . An illustration of a generic phase diagram of quantum phase transition is presented in Fig. S1 in Supplemental Material (SM) Sec. I. Physical properties around quantum critical points are of extensive current interest. For instance, quantum criticality gives rise to unusual spin dynamics in heavy fermion metals [3] [4] [5] and one-dimensional quantum magnets [6, 7] , as well as the non-Fermi liquid behavior and unconventional superconductivity in a variety of strongly correlated electron systems [1, [8] [9] [10] . The corresponding real-frequency dynamics is in general difficult to calculate, especially at nonzero temperatures (T > 0). Indeed, even for quantum systems in one spatial dimension, analytical understandings of such dynamical properties are still limited [7, [11] [12] [13] [14] .
Recently, the neutron scattering experiments in the three-dimensional quantum magnetic dimer compound TlCuCl 3 have provided an ideal testbed of quantum critical theory at an unprecedented level [15] [16] [17] [18] . TlCuCl 3 undergoes a continuous quantum phase transition from the quantum disordered phase to the Néel ordered one with increasing pressure. At ambient pressure, the ground state is a dimerized singlet paramagnet with the gapped low-energy triplon (triplet state) excitations. Upon increasing pressure, the triplon band bottom is lowered, and, at a critical pressure, these excitations become gapless leading to a quantum phase transition into the Néel ordered ground state. Correspondingly, the low-energy phase is capatured by a generic 3 (space) + 1 (time) dimensional relativisitic quantum φ 4 theory [19, 20] . While a great deal of efforts, such as theoretical proposals for detection of the Higgs mode and the ratio of gaps in disorder and order regimes, have been made towards understanding the experiments [21] [22] [23] [24] [25] [26] , the dynamics in the quantum critical regime have not been understood.
In this article, we study the critical dynamics of quantum antiferromagetism at nonzero temperatures by employing a generic 3 (space)+1 (time) dimensional relativistic O(N )-invariant quantum φ 4 theory. Both the on-shell and off-shell quantum critical dynamics at T > 0 are calculated in a broad dynamical regime. Our on-shell results for the mass and damping rate allow not only a qualitative understanding of the experimental observation but also a quantitative description of their magnitudes, and the T ln T dominance is found at very low temperatures. Moreover, the effective coupling of the field theory appropriate to systems such as TlCuCl 3 is determined, which will be important for further experimental means to test the applicability of the field theory to these materials. Studying the material and the quantum field theory serves as a means to explore the Higgs physics in a tabletop setting [27] .
The Model -Each unit cell of TlCuCl 3 consists of a dimer formed by two magnetic spin- 
Cu
2+ ions, and the centers of the dimers form a three-dimensional cubic lattice. The intra-and inter-dimer antiferromagnetic exchange interactions are modeled as
where r represents the central position of the dimer, and l is the site index inside the dimer; S r,1 are spin-1 2 op-erators; · · · denotes summation over the nearest neighbours. In addition, J (> 0) and λJ (0 ≤ λ ≤ 1) denote the intra-and inter-dimer coupling strengths respectively. The next-next-nearest neighbour interactions [28] [29] [30] [31] are sub-leading and neglected. When λ = 0 the ground state is a paramagnetic state with separable singlet states; when λ = 1, H describes the cubic lattice antiferromagnet with a long range Néel order. Therefore, a quantum phase transition arises when λ is tuned to a critical value λ c . The observed strong intra-dimer interaction [28] [29] [30] [31] indicates the dominant low-lying excitations are spin triplets, therefore, it is proper to introduce bond-operators s † (r) and t † α (r)(α = x, y, z) for the dimer spin singlet and triplet states.
[|↑↓ r + |↓↑ r ], and t † − (r) |0 = |↓↓ r with |0 being a reference vacuum state with t † ± = t x ± it y [32] . In the continuum limit we express the
where d is the spatial dimension and a is the lattice constant. π α are conjugate momentum to φ α satisfy-
Taking advantage of the condensation of the s-field, we integrate over the π-field, leaving a Lagrangian density in the imaginary-time formalism as a functional of the φ-field up to quartic order [33] 
where the parameters are estimated as χ ≈ 1/J, ρ s ≈ 2za 2 λJ, m 2 ≈ J(1 − 4zλ) and u ≈ 2za d λJ with z being the coordinate number, then the velocity of the field c 2 0 = ρ s /χ ≈ 2zλa 2 J 2 . We focus on the physics at the quantum critical point. After normalizing L by ρ s , setting c 
which ∂ ν = (∂ τ , ∂⇀ x ); µ is the energy scale parameter; g is the dimensionless coupling constant at the energy scale of µ satisfying
The ultraviolet (UV) divergent terms in the renormalization process will be absorbed by counter terms order by order in the framework of dimensional regularization (D-Reg), and ε is taken as zero for comparing theoretical results with experimental measurements. At the quantum critical point, the mass is renormalized to zero by definition. At nonzero temperatures, the mass only depends on temperature, therefore, the region we shall investigate is the one illustrated by the blue arrows in Fig. S1 of SM Sec. I [34] . The counter terms are not displayed but will be determined following the minimal-subtraction scheme [35] .
We study L 0 for the dynamics at nonzero temperatures within the Braaten-Pisarski resummation program, which is a systematic calculation machinery taking advantages of D-Reg and resummation [36] [37] [38] [39] [40] . The relevant diagrams up to 2-loop contributions are shown in Figs. S2 (a-h) in SM Sec. II [34] . The finite-temperature renormalized theory at N = 1 was obtained previously in Refs. [41] [42] [43] [44] [45] . We consider the field theory with a general N , and the case of TlCuCl 3 corresponds to N = 3. Starting from L 0 , a 1-loop calculation for the self-energy or, the thermal mass, is based on the diagram of Fig. S2 (a)(SM Sec. II [34] ), giving rise to m
. By using the thermal mass, an effective field theory is constructed [34] ). L 2 naturally cures the infrared (IR) divergence, equivalent to resumming the daisy diagrams ( Fig. S3 in SM Sec.III [34] ) based on L 0 [45] . This procedure leads to a non-analytic (in g 2 ) 1-loop renormalized mass, m
showing the non-perturbative nature of the quantum φ 4 theory [42, 45, 46] . In order to determine the quantum dynamics, we proceed to the 2-loop level. Recognizing the 1-loop correction for the interaction ( [34] ) is incorporated to obtain the full 1-loop renormalized effective field theory L 3 ,
which serves as the starting point for further calculations at the two-loop level. From L 3 , via Figs. S2(a,b,e,f,g,h) (SM Sec. II [34] ), we obtain the renormalized self-energy to the order of [34] . For the longwavelength physics, we fix the momenta for the external legs to be zero in the sunset diagram ( Fig.S2(h) in SM Sec. II [34] ). The divergent terms associated with ε → 0 are absorbed by counter terms for the wavefunction and momentum renormalizations, respectively. The detailed renormalzation calculation up to the two-loop level is given in SM Secs.(IV,V) [34] . The dynamical structure factor (DSF) is related to the self-energy through,
where
, then the damping rate follows γ = Σ ′′ 2 /(2ω). In the following we will present the on-shell mass, and damping rates in three different frequency regimes. The comparison with the experiments on TlCuCl 3 will be discussed.
On-shell dynamics and the damping rate.-A complex pole ω = M − iγ can be obtained from the zeros of χ −1 (ω, p = 0). Up to the two-loop level, the on-shell mass M is determined as (5) where
2 )]} with δ 0 = 5.242, and δ 1 = 3.644. In addition the ln T dependence in the big brackets arises from the sunset diagram (Eq. (S3) SM Sec. IV [34] ), signaling physics beyond scaling ansatz as will be discussed later. Around the complex pole, the renormalized propagator is well approximated by
Substituting the expression of Σ ′′ 2 in SM Sec.V [34] , the on-shell damping rate reads γ(
In fact, the renormalized mass M 2 (T ) in Eq. (5) is independent on the choice of the energy scale µ. To verify this at the two-loop level, we employ the µ-dependence of coupling strength g(µ) by solving the one-loop renormalization group equation [46] [47] [48] ,
µ 0 is a reference energy scale, which for convenience is set at µ 0 = T throughout the rest part of the paper [49] . From Eq. (7), to the order of g 4 , we arrive at
, which apparently pushes the µ-dependence of the twoloop mass Eq. (5) to the next order g 5 ln g. While our theoretical renormalization procedure is general, the strategy for comparison with the experimental data is as follows. We start with a particular temperature T = T 1 , set as µ 0 . The value of g(µ 0 = T 1 ) is fitted by comparing the thermal mass Eq. (5) in which µ is set as µ 0 with the experimental data at T = T 1 . For data measured at a different temperature, say, T 2 , Eq. (7) is used to determine g(µ = T 2 ), based on which, the mass and damping rates at T 2 are calculated and compared with the experimental data. As will be clear later, excellent agreements with experiemental results are achieved for independent data points of masses and damping rates.
In principle, the temperature for any data point can be served as a renormalization reference point. For later convenience, we choose maximal temperature, T = T which improves the accuracy of the perturbative calculation. In particular, the validity of the perturbation theory can only be justified at µ far less than the scale of Landau pole. Our calculation shows that the Landau pole based on Eq. (7) is located at the energy scale about µ L = 12.25T max exp , which is well beyond the temperature scope measured.
Following this procedure, we plug the obtained coupling constant at each temperature into Eq. (5) to obtain the two-loop renormalized mass as plotted in Fig.  2 . For later convenience, the calculated masses can be approximated by (the mass here is reduced by T 
with t = T /T max exp . The linear-T behavior dominates at relatively high temperature in which the experiment measurements were performed. As lowering the temperature, the T ln T correction becomes important and dominates in the very low temperature region. This expression can be understood as follows: By setting µ = T in Eq. (5), the leading contribution to M (T ) ∼ T g(µ = T ). The deviation from the linear-T behavior of M (T ) is due to the weakening of g(µ = T ) as lowering T according to the running coupling constant expression Eq. (7). The corresponding crossover temperature scale can be determined as
with µ 0 = T max exp . In our case, T cr ≈ 1K corresponding to t ≈ 0.08, which is about half-order smaller than the lowest temperature in experiments. Therefore in the range of experiment measurement temperatures Eq. (8) gives a theoretical prediction of mass M th ≈ 1.00T which excellently agrees with the experimental result M exp = T [18] . However, for the material of TlCuCl 3 , there exists a small gap induced by anisotropy ∆ ≈ 0.38meV [17] , which spoils the O(3) invariance. Since this temperature scale (∆) is much larger than T cr , we are not optimistic at the experimental observation of the T ln T behavior which is expected to be observed in other proper experiments.
We proceed to analyze the damping rates in the experimental relevant region, namely, the linear-T -dominant region in Fig. 2 . After some calculations, we arrive at γ th (µ = T ) ≈ 0.08T for N = 3. Correspondingly, the full width at half maximum (FWHM) scales as FWHM th ≈ 0.16T which excellently agrees with the experimental observation of FWHM exp ≈ 0.15T [18] (Fig. 3) . Again, we expect this linear-T behavior will also be spoiled when temperature is decreased further to the T ln T dominant region.
The striking agreement between our theoretical results and the experiment indicates that the 3 + 1 dimensional O(3) relativistic quantum field theory takes an excel- lent account of the underlying physics near the pressureinduced quantum critical point of TlCuCl 3 . Furthermore, for the initiative g, we have g 2 /4! ≈ 0.7. This value implies that the interaction among the critical modes is significant but still moderate, allowing for a loop expansion to extract semi-quantitative results for the pertinent physical properties. Furthermore, one must proceed to at least two loop (g 4 ) to obtain a physical prediction of the T ln T dominance. Following our two-loop renormalization analysis we expect a clear T ln T -dominant behavior for the mass at low temperatures, which goes well beyond conventional scaling ansatz.
Off-shell dynamics at frequencies far away from M . We first determine the damping rate in the zero frequency limit, ω ≪ M . The imaginary part of the selfenergy Σ ′′ 2 (q = 0, ω) can be organized into the imaginary part of G 0 , G 1 and G 2 as shown in Eqs. (S6-S9) in SM Sec. V [34] , which arise from the contribution of of the sunset diagram (Fig. S2(h) in SM Sec. II [34] ). In the low frequency limit, due to the onshell energy-momentum conservations, there is no contribution from G 0 because of a three-particle threshold. The phase space that satisfies the on-shell constraints lies in the large momentum regime. Because of the Bose-distribution factor, the contributions from G 1 and G 2 are exponentially suppressed. Our calculation shows that
. This exponentially small result is subleading compared to the perturbative renormalized theory we carried out at the order of g 4 . As a consequence of the suppressed spectral weight in this regime, the analysis is beyond the scope of the procedure outlined here.
We next consider the damping rate in the large frequency limit, ω ≫ M , for which the physical energy scale should be set by µ = ω. On the other hand, the perturbative framework stops working at the energy scale of the Landau pole
2 ] determined by Eq. (7) . Thus, we work in the range M (µ = ω) ≪ ω ≪ µ L . In the large frequency limit, the dominant contribution to Σ ′′ 2 comes from ImG 0 . Evaluating the integration for ImG 0 exactly yields ImG 0 (ω
(SM Sec. VI [34] ), correspondingly, γ ∼ g 4 (ω)ω and S(ω, p = 0) ∼ ω −2 . In this regime, the system is overdamped. A logarithmic correction naturally arises from g 2 (ω) determined from Eq. (7), but is of the order g 6 . The overall behavior of the DSF is shown in Fig. 4 , which we expect to be experimentally observed in the near future in proper strongly correlated systems.
Discussions.-We now remark on a few points. First,the two-loop calculation has incorporated all the pertinent terms at the order of g 4 . There are an infinite number of other diagrams which can contribute to the order of g 4 ; for example, if adding one more bubble in Figs. S2(e,f,h ) (SM Sec. II [34] ) or one more blob (twopoint interaction vertex) in the Fig. S2(h) , their contribution is at the order of g 4 . However, when summing over all of these kinds of diagrams, their contributions at the order of g 4 exactly cancel with each other [42] , leaving a final contribution at the three-loop level. The procedure can in principal be carried out order by order, leading to any desired accuracy for the (on-shell) quantum critical dynamics at nonzero temperatures of the relativistic 3+1 dimensional O(N ) quantum φ 4 theory [40] . In our study, the result at the two-loop level is already in an excellent agreement with the experiments. We have also demonstrated that the effective coupling constant provides a justification for the two-loop calculation.
Second, our analysis is asymptotically exact for D = 3 + 1 dimensions, where all the UV divergences are systematically absorbed by counter terms controlled by the small quantity ε. These UV divergences associated with ε yield proper wave-function and momentum renormalizations order by order in the form of counter terms [42] , which in turn modify the next-leading-order behavior. In other words, ε can only be taken to zero when, at each order, the contributions from the previous-order counterterms have been incorporated. For lower-dimensional systems, say, in two spatial dimensions, the corresponding problem can be analyzed by setting ε = 1/2. We want to emphasize the difficulty in removing the IR singularities. Not in every field theory can one remove its IR singularities [45] . It is fortunate that there is a systematic way to regularize the 3 + 1 dimensional quantum φ 4 -theory However, the resummation in the calculation paradigm is essentially non-perturbative, which gives rise to non-analytical corrections beyond the perturbation series, therefore, the procedure can become very involved when one tried to push to higher orders.
Third, the leading behavior we obtained for TlCuCl 3 is expected, from the perturbation view point, to hold when |m 2 (T = 0)| ≪ T (Fig. S1 in SM [34] , also called as high-T regime [2] ). However, when one moves to the regime |m 2 (T = 0)| ≫ T (also called as low-T regime [2] ) the non-critical background does become important.
For obtaining a correct understanding one not only needs to introduce new counter terms associated with the open gap to cure newly appeared UV divergences, but also require new techniques beyond the current approach to access the physics in the ordered regime especially near the transition line [50] . These new must-introduced techniques and the expected new physics compose a new challenging goal worthy of further exploration.
Conclusions.-We have studied the quantum critical dynamics at nonzero temperatures based on a generic 3+1 dimensional relativistic quantum φ 4 theory and compared the results with the spin dynamics experiments on the insulating antiferromagnet TlCuCl 3 . The theoretical coupling constant is determined from the temperature dependence of the thermal mass corresponding to the gap value. The resulting mass and damping rate are consistent with the experimental data. The logarithmic behavior is predicted to be dominant at extremely low temperature which should be observable in a proper experimental setup. At last, the damping behavior over a broad dynamical regime is also determined for comparison with future experiments. In turn, our results provide concrete evidence for the applicability of the underlying quantum field theory to the description of the observed quantum critical point. This, together with the quantitative determination of the effective coupling constant, will allow for the calculation of additional experimental observable such as the nuclear magnetic resonance (NMR) relaxation rate. From a theoretical perspective, knowledge on the dynamical properties of generic quantum field theory deepens our understandings on not only condensed matter systems but also the dynamical processes in high-energy and cosmology physics [51] . Our calculation represents progress in a theory that is grounded in a concrete and prototype condensed matter system. [5, 9, 10, 18, 53] . The r and rc denote tuning parameter and quantum critical point respectively. Due to different correlation characters resulting from the competition between thermal and quantum fluctuations, the whole diagram has been de facto divided into different regions as it is manifestly illustrated with different colors. The solid curve is used to denote a second order classical phase transition while the dot-dash curves illustrate crossover regions qualitatively. The broken line on the top is used to denote the cutoff temperature, T * , beyond which quantum criticality is negligible. The dark blue arrow, flowing right upward from the QCP, shows the region we study in the paper.
II. Relevant Feynman Diagrams up to Two Loops
Figs. S2(a-h) list relevant Feynman diagrams up to two loops. 
III. A Typical Daisy Diagram for L0 and Resummation
A typical (one-loop) daisy diagram with m dressing bubbles for the L 0 (Eq. (2) in the main text) is illustrated in Fig. (S3) . The "resummation" of a series of this kind of diagrams helps remove the IR divergence for the L 0 . Higher order resummation diagrams can be similarly generated when we proceed to multi-loop situations. After adding proper UV counter terms and resummation of all daisy diagram at each order the Lagrangian can then be updated to the next leading order. In this way it provides a systematic way to renormalize the 3 + 1 dimensional quantum φ 4 theory.
IV. Real Part of Self Energy to Two Loops
Up to two loops, the renormalized real part of the self-energy gives,
with Σ ren = 3m
